We solve the inhomogeneous Chebyshev's differential equation and apply this result for approximating analytic functions by the Chebyshev functions.
Introduction
Let X be a normed space over a scalar field K, and let I ⊂ R be an open interval, where K denotes either R or C. Assume that a 0 , a 1 , . . . , a n : I → K, and g : I → X are given continuous functions and that y : I → X is an n times continuously differentiable function satisfying the inequality a n t y n t a n−1 t y n−1 t · · · a 1 t y t a 0 t y t g t ≤ ε 1.1 for all t ∈ I and for a given ε > 0. If there exists an n times continuously differentiable function y 0 : I → X satisfying a n t y n 0 t a n−1 t y n−1 0 t · · · a 1 t y 0 t a 0 t y 0 t g t 0 1.2 and y t − y 0 t ≤ K ε for any t ∈ I, where K ε is an expression of ε with lim ε → 0 K ε 0, then we say that the above differential equation has the Hyers-Ulam stability. For more detailed definitions of the Hyers-Ulam stability, we refer the reader to 1-7 . In Section 2 of this paper, by using the ideas from 20-26 , we investigate the general solution of the inhomogeneous Chebyshev's differential equation of the form
where n is a given positive integer. Section 3 will be devoted to the investigation of the HyersUlam stability and an approximation property of the Chebyshev functions. 
Inhomogeneous Chebyshev's Equation

Proof. It is not difficult to see that, if j
Hence, we have 1 ≤ j ≤ n e with n e n/ √ 8 . If m > n e , then it follows from 2.1 that
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We now suppose 1 ≤ m ≤ n e . Then it holds true that n ≥ 3, and we have
2.6
Hence, we conclude from the above two inequalities that
for all m ∈ N, where we set
2.8
On the other hand, if j ∈ N and | 2j 1 2 − n 2 | > 2j 1 2j 2 , then
Hence, we get 1 ≤ j ≤ n o with n o n/ √ 8 − 1/2 . If m > n o , then it follows from 2.1 that 
2.12
Thus, we may conclude from the last two inequalities that
for any m ∈ N, where
2.14
Let ρ 1 be an arbitrary positive number less than ρ 0 . Then it follows from 2.7 and 2.13 that for all x ∈ −ρ 1 , ρ 1 . Since ρ 1 is arbitrarily given with 0 < ρ 1 < ρ 0 , inequality 2.17 holds true for all x ∈ −ρ 0 , ρ 0 . Moreover, the power series where y h x is a Chebyshev function.
Approximate Chebyshev Differential Equation
In this section, let K ≥ 0 and ρ > 0 be constants. We denote by C K the set of all functions y : −ρ, ρ → C with the following properties:
a y x is expressible by a power series We now investigate the local Hyers-Ulam stability problem of the Chebyshev differential equation. More precisely, we try to answer the question, whether there exists a Chebyshev function near any approximate Chebyshev function. Theorem 3.1. Let n be a positive integer, and assume that a function y ∈ C K satisfies the differential inequality
for all x ∈ −ρ, ρ and for some ε > 0. Let ρ 0 min{1, ρ}. Then there exists a Chebyshev function
for all x ∈ −ρ 0 , ρ 0 , where the constant M e is defined in 2.8 . for all x ∈ −ρ 0 , ρ 0 .
If ρ is assumed to be less than 1, then ρ 0 ρ < 1 and Theorem 3.1 implies the HyersUlam stability of the Chebyshev's differential equation 1.3 . 
